Dimensional and finite element analyses were used to analyze the relationship between the mechanical properties and instrumented indentation response of materials. Results revealed the existence of a functional dependence of (engineering yield strength E,y + engineering tensile strength
I. INTRODUCTION
There has been a long-lasting attempt to correlate the results obtained from indentation test with the fundamental mechanical properties of a material. More than 50 years ago, Tabor 1 first reported that the hardness H of some metals obtained from indentation tests by using a conical indenter was ∼3 times a "representative yield stress (Y o )," where Y o was the true yield stress at a 0.08 true yield strain. This finding linked up the hardness with the standard material properties obtained from a uniaxial tensile/compressive test. Along with the development of depth-sensing indentation technique in the past decades, Tabor's conjecture was reexamined over a larger variety of materials. Cheng and Cheng 2 further introduced dimensional and finite element analyses (FEA) for conical indentation, and pointed out that when the ratio of yield strength to Young's modulus increased from 0.0002 to 0.1, the ratio H/Y o would drop from about 2.8 to 1.7. Dao et al. also reported a similar trend, 3 leading to the conclusion that there was no simple proportional relationship between hardness and yield stress.
Another line of thought is to correlate the whole set of load-displacement data, rather than hardness value alone, with a group of fundamental material elastoplastic properties, such as Young's modulus E, yield strength, Poisson's ratio , and stain-hardening exponent n. [3] [4] [5] However, Cheng and Cheng, 6 Capehard and Cheng, 7 and Tho et al. 8 pointed out that uniquely determining a set of the material parameters from a single set of load-displacement curves was unlikely. Therefore, more recently, a new approach has been developed: using two conical indenters of different half included angles to produce independent load-displacement curves for deriving material properties like yield stress and hardening coefficient etc. [9] [10] [11] [12] In fact, more work is still required to examine the effectiveness and possible error of the method.
In this paper, we report the results of a different approach. The method involves the symbols as shown in Fig. 1(a) , where T and ⑀ T are the true stress and strain, E and ⑀ E the engineering stress and strain, and T,y , ⑀ T,y , E,y , and ⑀ E,y the corresponding values at the yield point. The true stress and strain at the maximum engineering stress E,b (tensile strength) are T,b and ⑀ T,b . Based on dimensional and finite element analyses, the proposed method leads to the establishment of a functional dependence of ( E,y + E,b )/Oliver & Pharr hardness on the reversible elastic work/total work ratio deduced from a set of load-unload curves. The method involves only the use of one conical indenter. The relationship links up the Oliver & Pharr hardness with the material strengths. It is also useful in estimating the sum E,y + E,b , where E,y and E,b are usually obtained from a standard uniaxial tensile test. This method is shown to be effective in estimating E,y + E,b of aluminum alloys according to the published experimental results. The possibility of using the relationship in estimating the fatigue limits of materials is also proposed and discussed.
II. FUNCTIONAL DEPENDENCE OF E,Y AND E,B ON FUNDAMENTAL MATERIAL PARAMETERS

A. Functional dependence of E,y on fundamental material parameters
The uniaxial true stress-strain behavior of a solid to be analyzed is assumed to have a line with a slope of E in the elastic region, plus a curve obeying Hollomon's power law of hardening in the plastic region [ Fig. 1(a) ]. The function form is
where ⑀ T,y ‫ס‬ T,y /E. In Appendix A, it is found that E,y can be expressed as a function of the fundamental material properties T,y (or ⑀ T,y ), E and .
B. Functional dependence of E,b on fundamental material properties
We derive the functional dependence of E,b on the fundamental material properties of the indented material for two cases. Case 1 is for the condition of ⑀ T,b ഛ ⑀ T,y . Figure 1 (b) provides a primary sketch for this case. When the engineering stress is increased to E,y , the specimen reaches the yield point. For further increase in engineering strain, the corresponding engineering stress decreases subsequently. This means that the engineering yield stress E,y is the maximum in the engineering stressstrain curve, and hence is equal to E,b , i.e., E,b ‫ס‬ E,y ‫ס‬ T,y /exp(2⑀ T,y ). Case 2 is for the condition of ⑀ T,b > ⑀ T,y as shown in Fig. 1(a) . Appendix B shows that the true strain ⑀ T,b at maximum engineering stress E,b is
Conceptually, ⑀ T,b can be regarded as a function of n, , and ⑀ T,y , because when these three parameters are known, ⑀ T,b can normally be deduced by using Newton's method. Appendix B also shows that:
where T,b ‫ס‬ T,y (⑀ T,b / ⑀ T,y ) n is applied. Summarizing the results of the two cases: 
indicating that in any case E,b is a function of fundamental material properties T,y (or ⑀ T,y ), E, , and n. Combining Eqs. (2) and (5), one obtains an important corollary that the sum E,y + E,b is a function of the fundamental material properties. This conclusion can be expressed with an implicit relationship like
or alternatively
III. DIMENSIONAL AND FINITE ELEMENT ANALYSES OF HYPOTHETICAL INDENTATION TESTS
We use the Oliver & Pharr hardness in this study, which is defined as [11] [12] [13] :
where h cm and A(h cm ) are the maximum contact depth and the related projected contact area measured at the peak load P m . h cm is defined according to the formula
where h m and S u are the maximum displacement and unloading slope at P m . The indenter is considered to be an elastic body. The contact interface between the indenter and the indented material is assumed to be frictionless. H is regarded to be the indentation response, and is a function of the elasto-plastic properties E, , T,y , and n of the indented material; the elastic properties E i and i of the indenter; and the maximum indentation depth h m . It can be expressed in an implicit form of
By substituting Eq. (7) into Eq. (10), H can be expressed as 
By applying the ⌸ theorem of dimensional analysis, Eq. (12) can be transformed into the following dimensionless formula
Similar analysis can be conducted for the ratio of reversible elastic work to total work W e /W. Analogous to Eq. (10), let us write
where W e and W are the areas under the unloading and loading curves respectively. An expression analogous to Eq. (13) is obtained, namely:
or
Substituting Eq. (15) into Eq. (13) to eliminate E,y + E,b , we obtain
Further dividing Eq. (15) by Eq. (16), we obtain
In this study, we applied FEA to simulate the indentation tests to establish the explicit form of Eq. (17) for practical use. The commercial finite element code ABAQUS 14 was used for the computation processes because of its excellent capability for handling problems of strong nonlinearity and large displacement. The analysis was performed in the framework of continuum. The indenter was assumed to be a cone with a half-included angle of 70.3°and thus was geometrically equivalent to an ideal Berkovich indenter. The indented material was assumed to be isotropic and rate-independent. It obeyed the Von Mises yield criterion and pure isotropic hardening rule. The details of meshing are described elsewhere. 16, 17 Four-node axisymmetric element type was used, with a size small enough to give more than 30 nodes around the point of contact. A sensitivity study was performed by reducing the element size by half. Results showed that the calculated peak load was not changed by more than 0.6%, confirming that the selected mesh size was fine enough for modeling the hypothetical conical indentation made on a semi-infinite solid.
Considering that ( E,y + E,b )/H and W e /W in Eq. (17) are independent on E r and h m , we may keep E r and h m unchanged by assigning fixed values to all the elastic properties (E, , E i , i ) and the maximum indentation depth h m . In fact, the indenter is assumed to be rigid, so that E i and i can be removed for further simplicity. E, , and h m were fixed at 70 GPa, 0.3, and 1 m respectively, and hence E r was calculated to be E /(1− 2 ) ‫ס‬ 70 GPa/ (1 − 0. 3 2 ) ‫ס‬ 76.923 GPa. Fifty-six combinations of T,y and n were selected, with their values in the ranges of 0.035-17.5 GPa and 0-0.45 respectively. For each combination, the corresponding value of E,y + E,b was calculated from Eqs. (2) and (5) as shown in Table I . FEA was applied to simulate an indentation to produce the load-unload curves, from which the value of W e /W was calculated, and the value of H was derived with the use of Eqs. (8) and (9) . Finally, the value of ( E,y + E,b )/H is determined and plotted against W e /W in Fig. 2 with n as a parameter. More interpolated data were produced based on the matrix as shown in Table I , with the locations selected at 1/3 and 2/3 between every two adjacent n values and every two adjacent T,y values. This created 344 more combinations. Starting from a certain n (i.e., one of 0, 0.15, 0.3 and 0.45), the interpolated vales of ( E,y + E,b )/H and W e /W were obtained from the FEA results evaluated at four adjacent T,y values as listed in Table I , with the use of a third-order polynomial. Then, for a certain T,y , more interpolated values of ( E,y + E,b )/H and W e /W were derived from the FEA results evaluated at n ‫ס‬ 0, 0.15, 0.3 and 0.45, with the use of a third-order polynomial. All the FEA data and interpolated data are plotted in Fig. 2 . It is found that ( E,y + E,b )/H and W e /W are correlated with a functional relationship, which is almost irrespective of the variation of n in a broad range. Hence, the value of ( E,y + E,b )/H and W e /W can be uniquely determined by the ratio of W e /W.
In our previous work, 15 it was demonstrated that for W e /W < 0.25, the Oliver & Pharr hardness may be very different from the real hardness (≡ indentation load/real projected contact area). In addition, the relationships established to correlate a true hardness with a representative yield are not applicable to the Oliver & Pharr hardness. Therefore, one needs to ask what the real meaning of the Oliver & Pharr hardness is, and how it is related to some fundamental properties like the intrinsic strengths of a material. The discovery of the above relationship gives possible answers by correlating the Oliver & Pharr hardness with the sum of two characteristic strengths of a material. Figure 2 also shows the best fit to the data points produced with a polynomial of
where a 0 = 0.40096, a 1 = 1.67585, a 2 = −5.64402, a 3 = 11.51201, a 4 = −0.15716, a 5 = −21.09499, and a 6 = 15.64194. Equation (18) can also be rewritten in the form of:
It is noted that H in Eqs. (18) and (19) 6 , such that the value of E,y + E,b can be deduced from the measured H value. It is further assumed that the indentation is deep enough such that the indenter is considered to possess the ideal Berkovich geometry with a projected area of A(h cm ) ‫ס‬ 24.5 h cm 2 . This is true in the present study since the experimental data are selected from indentation tests with maximum displacement h m > 8 m, which normally exceeds the bluntness of an indenter tip.
Denoting ( E,y + E,b ) e as the result calculated from Eqs. (2) and (5) based on the model of the material properties, and ( E,y + E,b ) f as the result obtained from Eq. (19) based on the finite element simulations, the ratio ( E,y + E,b ) f /( E,y + E,b ) e would reflect the consistency between the two values. Referring to Eqs. (17) and (19), ( E,y + E,b ) f /( E,y + E,b ) e would depend on W e /W and n, namely, in implicit form:
͕H͓f͑W e րW͔͖͒ր͕H ⌫ SHW ͑W e րW, n͖͒ = ⌫ fe ͑W e րW, n͒ .
(20)
The numerical results of ⌫ fe (W e /W, n) are calculated and plotted in Fig. 3 . A result of 1 refers to a perfect match, while most data points lie within a narrow band of ±14%.
IV. EXPERIMENTAL EVALUATION OF THE THEORY
We referred to some published data of stress-strain tests and indentation tests for two aluminum alloys 6061-T6511 and 7075-T651 3 to examine the effectiveness of the theory. The parameters extracted from the stressstrain curves of uniaxial tests, and the sum of two strengths ( E,y + E,b ) t obtained from uniaxial test with the use of Eqs. (2) and (5) are listed in Table II. On the other hand, the results of the indentation tests are summarized in Table III . h m is evaluated from the equation h m ‫ס‬ (P m /C) 1/2 , with C being the loading curvature. The hardness H is calculated from Eqs. (8) and (9) . The sum of the two characteristic strengths is estimated from Eq. (19) and is denoted as ( E,y + E,b ) i with the subscript i referring to a quantity deduced from an indentation test. The last column of Table III shows the relative error Re ‫ס‬ [( E,y + E,b ) i − ( E,y + E,b ) t ]/ ( E,y + E,b ) i . It is found that the values of R e are located within a reasonably narrow range, supporting the effectiveness of the theory. Nevertheless, more experimental work should be done in the next stage to investigate a broader class of materials for further confirmation of the universal effectiveness of the method.
V. APPLICATIONS OF THE FUNCTIONAL DEPENDENCE OF ( E,y + E,b )/H ON W e /W
In this section, we propose two possible applications based on the functional dependence of ( E,y + E,b )/H on W e /W. First, the relationship can be used to deduce the sum E,y + E,b of a material from H and W e /W measured in an indentation test. This quantity reflects the fundamental property of a material since it is composed of two characteristic material strengths. However, in general, it does not vary coherently with hardness, although the latter is widely referred to as a material performance indicator in practice. This remark is clearly illustrated through Fig. 4 Second, the E,y + E,b value deduced from the method can further be used to estimate the fatigue limits of some structure steels. At present, there are many empirical relationships established for correlating the fatigue limits with E,b , but obviously the fatigue behavior should also be related to the yield stress E,y .
18 A more reasonable approach is to link up the fatigue limits with some quantity containing both of them. According to Ref. 19 , the fatigue limits measured with symmetric cycling stress in tensile-compressive mode, rotatingbending mode, and shearing stress mode are estimated to be
The corresponding quantities measured with pulsating cycling stress in the three modes are only. If it is applied to high strength steels, the fatigue limits may be overestimated.
VI. CONCLUSIONS
In this study, the existence of a functional dependence of ( E,y + E,b )/indentation hardness on reversible elastic work to total work ratio was established by using dimensional and finite element analyses. The published experimental data of uniaxial tests and indentation tests made on aluminum alloys 6061-T6511 and 7075-T651 support the effectiveness of the theory. The establishment of the relationship gives a physical explanation to the Oliver & Pharr hardness, which may be very different from the real hardness in some situations. One important application of the functional relationship is for the determination the sum of the yield strength and tensile strength based on the results of an indentation test. The sum of the two strengths obtained was considered to be more suitable for reflecting the strength level of different materials since it is considered to be more physically meaningful than the indentation hardness. Another important application of the functional relationship is to estimate the fatigue limits of some structural steel by using the data of indentation test.
In a tensile test, when the load is increased from zero to a certain value, the transverse cross-sectional radius and area vary from the unstressed values r o and A o ‫ס‬ r 
Substituting Eq. (A3) into Eq. (A1), one obtains:
and E,y = T,y րexp͑2⑀ T,y ͒ = T,y րexp͑2 T,y րE͒ .
The latter is Eq. (2) in the text.
APPENDIX B: FUNCTIONAL DEPENDENCE OF ⑀ T,b AND E,b ON FUNDAMENTAL MATERIAL PROPERTIES
For an uniaxial stress-strain relation, the true strain ⑀ T in the plastic regime should consist of two parts, i.e.
